EXISTENCE AND A PRIORI BOUNDS FOR 
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SYSTEMS IN FULLY INHOMOGENEOUS SPACES 

OLIVIER DRUET AND EMMANUEL HEBEY 



Abstract. We prove existence and uniform bounds for electrostatic Klein- 
Gordon-Maxwell systems in the inhomogeneous context of a compact Rie- 
mannian manifold when the mass potential, balanced by the phase, is small 
in a quantified sense. Phase compensation for electrostatic Klein-Gordon- 
Maxwell systems and the positive mass theorem are used in a crucial way. 



Electrostatic Klein-Gordon-Maxwell systems are electrostatic derivations of the 
Klein- Gordon-Maxwell systems which, in turn, are a special case of the Yang-Mills- 
Higgs equation. They arise naturally in quantum mechanics. Roughly speaking, 
Klein-Gordon-Maxwell systems provide a dualistic model for the description of the 
interaction between a charged relativistic particle of matter and the electromag- 
netic field that it generates. The electromagnetic field is both generated by and 
drives the particle field. In the electrostatic form of the Klein- Gordon-Maxwell 
systems, writing the matter particle as a standing wave ue*"*, it is characterized 
by the property that u solves the electrostatic Klein-Gordon-Maxwell systems we 
investigate in this paper with a gauge potential v. In what follows we let {M,g) 
be a smooth compact 3-dimensional Riemannian manifold and a > be a smooth 
positive function in M. Let uJa be given by 



uja = /mina . (0.1) 



Given real numbers q > 0, uj E {—uja,^a), A > 0, and p G (2,6], the electrostatic 
Klein-Gordon-Maxwell systems we investigate in this paper are written as 



AgU + au = uP ^ + cj^ {qv — 1)^ u 
AgV + (A + g^u^) V = qv? , 



where Ag = — divgV is the Laplace-Beltrami operator. The system (j0.2p is energy 
critical when p = 6, and subcritical when p e (2, 6). In the classical physical setting, 
a = TOq, Too is the mass of the particle, the coercivity constant A = 0, g is the charge 
of the particle, u is the field associated to the particle, oj is the temporal frequency 
(referred to as the phase in the sequel), and v is the electric potential. The constant 
A in this paper can be interpreted in terms of the Maxwell-Proca theory (see Hebey 
and Truong [42]). In what follows we let Sg stand for the scalar curvature of g. 
Also we let Sp{uj) be the set consisting of the positive smooth solutions U — {u, v) 
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of (|0.2|) with phase lo and nonUnear term u'p~^ . Namely, 

Sp{uj) — smooth s.t. u > 0,w > 0, and {u,v) solve (|0.2|) | . (0.3) 

Given w e [0,Wa), we let 

where Wa is as in (jO.ip . When w 
6* g (0, 1), and U = (u, v), we let 

\\U\\c2.B = \\u\\c2.e + \\v\\c2.e . (0.5) 

We recall that (M, 5) is said to be conformally difFeomorphic to the unit 3-sphere 
{S^,go) if there exists a diffeomorphism ip : ^ M such that (p*g — u'^go for 
some smooth positive function u in S^. We prove below the existence of smooth 
positive solutions and the existence of uniform bounds for (10. 2p in the subcritical 
cases p £ (2, 6) without any conditions, and in the critical case p — 6 assuming that 
the mass potential, balanced by the phase, is smaller than the geometric threshold 
potential of the conformal Laplacian. Our main result is as follows. Closely related 
estimates are derived in Theorem 12.11 in Section [2] 

Theorem 0.1. Let {M,g) be a smooth compact 3 -dimensional Riemannian man- 
ifold and a > be a smooth positive function in M. Let 5 > 0, w G [—u)a,^a), 
A > 0, and p G (2, 6], where uja is as in (jO.ip . When p — 6 assume 

a < + \Sg (0.6) 

8 

in M for some k > such that kX < I. Then (j0.2p possesses a smooth positive 
solution. Moreover, for any p G (2, 6), and any 6 G (0, 1), there exists C > such 
that for any oj' G Ko{0), and any U G Sp{uj'), \\U\\c2.e < C, where Sp{u!') is as 
in (j0.3p . Ko{0) is as in (|0.4p . and \\ ■ \\c2,e is as in (jO.Sp . Assuming again (|0.6p . 
with the property that (j0.6p is strict at least at one point if (A/, g) is conformally 
diffeomorphic to the unit 3-sphere and ujX — 0, there also holds that for any 6 G 
(0, 1), ||W||p2,e < C for all hi G Sq{u)') and all uj' G Kq{ijj), where C > does not 
depend on uj' andlA. 

There are several consequences to our theorem. The first obvious one is that 
solutions in the subcritical case exist for all phases and are uniformly bounded in 
(j'^fi _ For the sake of clearness we restate this result in the following corollary. 

Corollary 0.1 (Subcritical Case). Let {AI,g) be a smooth compact 3-dimensional 
Riemannian manifold and a > be a smooth positive function in M . Let q > 0, 
A > 0, and p G (2, 6). For any uj G (— Wa, Wa) there exists a smooth positive solution 
of (|0.2p . Moreover, for any 9 G (0, 1), there exists C > such that \\U\\c2,e < C 
for all UJ G {—uja,uja), and all U G Sp{uj). 

Two notable consequences of the theorem concern the critical case where it holds 
that p = 6. Assuming A > 0, the first consequence we discuss, which provides a 
perfect illustration of phase compensation, is that if the oscillation of a, given by 
Osc(a) — maxM a — miuM a, is not too large, then there always are solutions of our 
system for sufficiently large phases and such solutions are again uniformly bounded 
in C^-". 



= (-w„-w]|J[w,w,) , (0.4) 
= 0, Ko{0) is the interval ^^^(O) = {—uja,uja)- For 
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Corollary 0.2 (Critical Case 1). Let (M,g) be a smooth compact i- dimensional 
Riemannian manifold and a > be a smooth positive function in M . Let q > and 
A > 0. Suppose Osc{a) < ^uiinM Sg. Then there exists £ > such that for any 
UJ G Ko(u!a — s), (j0.2p possesses a smooth positive solution when p = 6. Moreover, 
for any 9 € (0, 1), there exists C > such that \\lA\\c^,e < C for all u G KoitJa — e), 
and all hi G Sq{uj). 

The last consequence of the theorem we discuss, still dealing with the critical 
case where p — concerns the more restrictive case where a < \Sg. In this case, 
when a is not too large, we get that there are solutions for all phases and that such 
solutions are uniformly bounded in C^'^ for all phases. 

Corollary 0.3 (Critical Case 2). Let {M,g) be a smooth compact "i- dimensional 
Riemannian manifold and a > be a smooth positive function in M . Let q > and 
A > 0. Suppose a < ^Sg, the inequality being strict at least at one point in case the 
manifold is conformally diffeomorphic to the unit 3-sphere. For any uj G {—uJaT^a) 
there exists a smooth positive solution of (j0.2p when p — 6. Moreover, for any 
G (0, 1), there exists C > such that \\U\\(j2,e < C for all uj G {—ujai^a), o,nd all 
U G Sq[uj). 

As an immediate consequence of the C^'^'-bounds in the above results we obtain 
phase stability for standing waves of the Klein-Gordon-Maxwell equations in elec- 
trostatic form. Standing waves for the Klein-Gordon-Maxwell equations in elec- 
trostatic form can be written as S' = ue*"* and they are coupled with a gauge 
potential v, where {u,v) solves (|0.2p . Roughly speaking, phase stability means that 
for arbitrary sequences of standing waves UqC'""*, with gauge potentials Va, the 
convergence of the phase uj^ in M implies the convergence of the amplitude Ua and 
of the gauge Va in the C^-topology. In the subcritical case, it follows from Corollary 
10.11 that for any sequence (wq)^, a G N, and for any sequence of standing waves 
{x, t) u„(x)e*"°*, with gauge potentials , if cJq — > a; as a — > +oo and \uj\ < uja, 
then, up to a subsequence, Ua ^ u and — >■ w in as a — >■ -l-oo for some smooth 
functions u and v. By Lemma |4.H u and v are positive and they give rise to an- 
other standing wave ue*"* with gauge potential v. In particular, phase stability 
in the subcritical case holds true without any condition. By CoroUarv 10.31 phase 
stability remains true in the critical case where p = 6 if we assume that a < ^Sg 
with the property that the inequality is strict at least at one point if {M, g) is 
conformally diffeomorphic to the unit 3-sphere. By Corollarv 10.21 assuming A > 
and Osc(a) < iminjv/'S'g, phase stability also holds true if |a;| < is sufficiently 
large such that a < uj'^ + ^Sg. As a remark, phase stability prevents the existence 
of arbitrarily large amplitude standing waves (see Corollary 11.11 in Section [T]) . 

As a remark it follows from our proofs that the bounds in Corollary 10.11 and 
Coronarv l0.3l are uniform with respect to A as long as A stays bounded. In partic- 
ular, they are uniform with respect to A as A 0. 

Let {S^^go) be the unit 3-sphere. Let p = 6. We have that Sg^ = 6. By our 
theorem we then get that there are '^-bounds for (10. 2p in the unit sphere as soon 
as a < 3/4 and the inequality is strict for at least one point in the manifold. On 
the other hand, by the noncompactness of the conformal group of {S^^go), such 
bounds do not exist anymore when a = 3/4 and A = 0. In particular, when a = 3/4 
and A = 0, there are sequences of solutions (mq, i) of (10. 2p in (5'^,5o) with p = 6, 
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a € N, which are such that Ua ^ weakly in but not strongly as a — > +00. 
Because of the noncompactness of the conformal group of {S^,go), the C^'^-bound 
for (|0.2p when p = 6 does not hold true in general when we assume the sole (|0.6p . 

In section[l]we discuss the relation which exists between (|0.2p . the Klein-Gordon- 
Maxwell equations, and the Maxwell equations. A related result to Theorem lO.il is 
presented in Section [2] when we do not assume a sign on the scalar curvature of the 
background metric (implicitly required in Theorem 10 . 1 1 when p = 6) but ask for the 
potential, balanced by the phase, to be very small (in a non-quantified sense). We 
prove Theorem 10.11 in sections [3] to [6] The existence part in the theorem is proved 
in Section [3l The C^'^-bound in the subcritical case p G (2, 6) is established in 
Section m The more delicate C^'^-bound in the critical case p = 6 is established in 
Sections [5] and m Theoreni l2.1l of Section [2] is proved in Section [7] using the blow-up 
analysis developed in Sections [5] and ID 



1. Action interpretation of the system and the Maxwell equations 



We illustrate the background action functional related to our problem and the 
relation which holds between (|0.2p . the Maxwell equations, and the Klein-Gordon- 
Maxwell equations. The model we discuss is a model describing the interactions 
between matter and electromagnetic fields established, see, for instance, Benci and 
Fortunate [16], by means of Abelian gauge theories. Formally, the ordinary deriva- 
tives dt and V in the Klein-Gordon total functional are replaced by gauge covariant 
derivatives given by the rules dt ~^ dt + iqf and V —J' V — iqA. Let (M, g) be a 
smooth compact Riemannian 3-manifold, a > be a smooth positive function in 
M, A > 0, and g > 0. We define the Lagrangian densities Cq and Ci of ip, (p, and 
Ahy 



1 9 

- |(V - iqA)il!\ and 



dA _ 



(1.1) 



where V x denotes the curl operator defined thanks to the Hodge dual * when AI is 
orientable. In this model, is a matter field, (A, ip) are gauge potentials represent- 
ing the electromagnetic field {E, H) it generates as in (|1.5p . g is a nonzero coupling 
constant, representing the electric charge, and A > is a coercivity constant which 
generates phase compensation. Then Li is a 0-order perturbation, by fy'^, of the 
standard electromagnetic Lagrangian density 



^1 " 2 



dA _ 



- |V X AY 



\H\ 



associated to the electromagnetic field (£', H) given by (|1.5p . We let S be the total 
action functional for tp, 1/3, A defined by 



5(V,^,A) 



(£0 +Ci-W) dvgdt , 



(1.2) 
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where Co and £i are as in and is a function of ip given by 



a, 2 1. 



2 p 



(1.3) 



Writing ip in polar form as 

for u > and S E M\27rZ, the total action functional S given by (|1.2p is written as 



du 



dt 

dS_ 
'dt 



— - iVul - au'^ dv„dt + - 



P 



vFdvgdt 



qip 



dA _ 



\VS - gAp u^dvgdt 



+ Av?^ - |V X Af dvgdt . 



Taking the variation of S with respect to u, S, ip, and A, we get four equations 
which are written as 



'^ + AgU + au = uP-^ + (^{§+qpy~\VS~qA\'- 

§-,{{§+ q^) u') ~ V. ((V5 - qA) u^) = 
-V. + V^) + Ay. + g (f + gy.) = 
^ V X (V X A) + f + V^) = g (V5 - g^) . 



(1.4) 



Now let 



E = - 



dA 
'dt 

as 



h Vipj , H = V X A , 
q(p I qu^ — Xip , and j — (V5 — qA) qu^ 



(1.5) 



Then the two last equations in (jl.4p give rise to the second couple of the Maxwell 
equations with respect to a matter distribution whose charge and current density 
are respectively p and j, namely 



W.E ~ p and 



(1.6) 
(1.7) 



while the two first equations in (|1.5p give rise to the first couple of the Maxwell 
equations: 



V X S + — = and 
ot 



(1.8) 

V.iJ = 0. (1.9) 
In addition, the first equation in (|1.4p gives rise to the matter equation 

—-y + AgU + au = uP + , 



(1.10) 
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where n = (p + Xip)^ — j^, while the second equation in (|1.4|) gives rise to the charge 
continuity equation 



if we assume that ip = f{x). In particular, we recover with (|1.4p the Maxwell 
equations (|1.6I) - (|1.9I) together with a Klein-Gordon type equation (ll.lOp . The sys- 
tem (jl.4|) is referred to as the Klein-Gordon-Maxwell system. Suppose now that 
S — —ujt, uj real, that u = u{x), and that A = 0. Then we are in the electrostatic 
form of the above equations and we search for standing waves for these equations. 
In such a setting, the second and the fourth equations in (|1.4p are automatically 
satisfied, while the first and the third equations in (|1.4p become 



In particular, letting ip — ljv, we recover our original system ()0.2|) . 

A direct consequence of our result concerns the amplitude of standing waves 
for the electrostatic form of the Klein-Gordon-Maxwell system (|1.4p . It illustrates 
the idea that phase stability prevents the existence of arbitrarily large amplitude 
standing waves. More precisely, the following corollary is a direct consequence of 
the results stated in the introduction. 

Corollary 1.1 (On the amplitude of standing waves). Let {M,g) he a smooth com- 
pact i- dimensional Riemannian manifold and a > be a smooth positive function 
in M . Let q > and p (z (2,6]. Assume that one of the three following assumptions 
hold true: 

(i) X>0, p< 6, or 

(ii) \ > Q, p — Q, Osc{a) < ^ miuA/ Sg, or 

(Hi) X > 0, p = 6, a < ^Sg and the inequality is strict at one point if {M,g) 

is conformally diffeomorphic to the unit i- sphere. 
Then, for any 9 € (0, 1), there exists C > such that \\ii\\(j2.e < C for all standing 
waves ue~*"* of p.4p in its electrostatic form A = Q, all oj ^ {—uja,^a) in case (i), 
alluj g Ko(uJa~£) in case (ii), where e > Q is suitably chosen, andalluj G {—U)a,'-^a) 
in case (Hi). Moreover, there also holds that \\ip\\Q2.e < C for the gauge potential 
(p. 

Klcin-Gordon-Maxwell systems have been investigated by Bechouche, Mauser 
and Sclberg [15], Choquet-Bruhat [28], Deumens ^29^, Eardley and Moncrief [39] . 
Klainerman and Machedon [35] , Machedon and Sterbenz [S5] , Masmoudi and Nakan- 
ishi [53(58], Petrescu [60], Rodnianski and Tao [62], and Tao [71]. 

Existence of solutions and semiclassical limits for systems like (j0.2|) , in Euclidean 
space, for subcritical nonlinear terms, have been investigated by Ambrosetti and 
Ruiz [2], D'Aprile and Mugnai [5||6], D'Aprile and Wei [HIH], D'Avenia and Pisani 
[9], D'Avenia, Pisani and Siciliano [10l|Tl], Azzollini, D'Avenia and Pomponio [12j . 
AzzoUini and Pomponio [13l [14] , Benci and Fortunato [16j [181 [19] , Bonanno [21] , 
Cassani ^7\, lanni and Vaira [46], Long [54], Mugnai [59], and Ruiz [63 . 

Existence and nonexistence of a priori estimates for critical elliptic Schrodinger 
equations on manifolds have been investigated by Berti-Malchiodi [20], Brendle 
[221 [23], Brendle and Marques [24], Druet [30l|3T], Druet and Hebey [33l[34], Druet, 




(1.11) 



AgM + au — ^ + {qip — uj)'^u 
Agip + Xip + q{q(p — uj)u'^ = . 



(1.12) 
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Hebey, and Vetois j37j, Druet and Laurain [38], Khuri, Marques and Schoen [47] . 
Li and Zhang [50l [51] , Li and Zhu , Marques [56] , Schoen [66] El] , and Vetois 
[73) . In the subcritical case, a priori estimates for subcritical Schrodinger equations 
goes back to the seminal work by Gidas and Spruck \A0^. The above Usts are not 
exhaustive. 

The positive mass theorem in general relativity, that we use below in this paper, 
was established in Schoen and Yau [5S] . We refer also to Schoen and Yau [521 [ZD] 
and Witten [71] • 

2. One more estimate 

Theorem lO.ll in the critical case p = 6 implicitly requires that the scalar curvature 
of the background manifold is positive. When this is not the case, there are still 
several situations where (j0.2p possesses positive solutions. Such situations are, for 
instance, easy to obtain by requiring a to be G-invariant, where G is a subgroup 
of the isometry group of G having no finite orbits, and by using the improved 
Sobolev embeddings in Hebey and Vaugon [45] (see also Hebey [41]). Using part 
of the analysis developed to prove Theorem lO.il we may independently get a priori 
bounds for the set of solutions when the mass potential, balanced by the phase, 
is sufficiently small (in a non-quantified sense). In particular, we can prove that 
the following theorem holds true. Given i? > we let B^'^ be the set of smooth 
functions a G G°°(Af) such that ||a||co.i < R- 

Theorem 2.1. Let {M,g) be a smooth compact 3 -dimensional Riemannian mani- 
fold, X > 0, R > 0, q > 0, and 9 e (0, 1). There exist e,C > 0, depending only on 
M, g, R, X, q, and 9, such that for any a G Bj^ , a > 0, and any uj e (— Wa, Wa), if 

(i) a — < e and A > , or 

(a) a < e and A > , 
then \\U\\c^,e < C for all U g Sq^lj'), all uj' G (— Wa,— [u^Ua) in case (i), and 
all Lo' G (— Wa,Wa) in case (ii). 

A similar corollary to Corollary 1.1 can be derived from the above theorem. In 
particular, we prevent the existence of arbitrarily large amplitude standing waves 
for the Klein-Gordon-Maxwell system in electrostatic form when either (i) or (ii) 
is assumed to hold. The G°'^-bound on a in Theorem 12.11 can be lowered. We 
require the G°'^-bound to get G^' ^-estimates on solutions without restrictions on 
9. Theorem 12. H is proved in Section [7j 

3. Variational analysis and the existence part of Theorem 10.11 

Solutions (u, v) of (|0.2p are critical points of a functional S defined on x 
where the iJ^ -norms of u and v compete one with another. More precisely. 



S{u, v) = 




As is easily checked, S{Q,v) < if u is nonconstant and, for any i? > 0, there 
exists u € such that > R and S{tu,^) > for all t G (0, 1]. In order to 

overcome the problems caused by the competition between u and v in S, following 
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the very nice idea in Benci and Fortunate [16], we introduce the map $ : — >■ 
defined by the equation 

Ag<i>{u) + {X + q'^u^)<t>{u)=qu'^ . (3.2) 

It follows from standard variational arguments that $ is well-defined in as soon 
as A > 0. Noting that u^^{u) S since u and $(m) are in H^, it follows from 
(13^2)) that $(u) e H"^. We further get with that $(w) G iJ^^^. Elementary 

though useful properties of $ are as follows. 

Lemma 3.1. The map $ : — > is and its differential D^{u) — at u 
is the map defined by 

\Vu{h) + (A + q'^u^) Vu{h) = 2qu (1 - g$(u)) h (3.3) 

for all h £ . Moreover, it holds that 

< $(m) < i (3.4) 

for all ue H^. 

Proof of Lemma \3.1\ Let u € H^. It is clear from the maximum principle that 
$('u) > 0. Noting that 

A, Q - <^{u)^ + (A + Q _ $(,,)^ ^ ^ (3,5) 



it also follows from the maximum principle that $(m) < i, and this proves p.4p . 
Given /i G iJ^, we compute 

Ag ($(u + /l) - $(u)) + (A + 92„2) ^ _ 

= (7 (1 - q$(w + /i)) [h^ + 2w/i) . 

Multiplying p.6p by $(m + /i) — ^(w), and integrating over Af, by the coercivity of 
Ag + A, by the Sobolev embedding theorem, by Holder's inequality, and by p.4p . 
we get that 

mu +h)- <Piu)\\jj, < c{u)\\h\\Hi (1 + \\h\\Hi) 

for all h e H^, where C{u) > is independent of h. In particular, $ is continuous. 
Also we compute, 

Agmu + h)-^u)~Vu{h)) + {X + q^u^)mu + h)-^u)-Vu{h)) 
= qh^ - g2$(M + h)h^ + 2q^u ($(u) -<S>{u + h))h . 

Multiplying p.7p by $(u + h) — <&(«) — Vu{h) and integrating over M, by the 
coercivity of A^ + A, by the Sobolev embedding theorem, by Holder's inequality, 
and by (|3.4p . we get that 

||$(m + h)- $(u) - K(MIIhi < C{u) \\h\\^, {\\h\\jj, + ||$(m + h)- $(u)||hi) 

for all h E H^, where C{u) > is independent of h. Since $ is continuous, the 
differentiability of $ at u, as well as the fact that D^{u) = Vu, follow from this 
estimate. The continuity of u ^ Vu can be proved with similar arguments. This 
proves the lemma. □ 
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Coming back to p.6p , and the procedure described after p.6|) , it holds true that 

\mv) - < C{u,v)\\v - u\\l3 (3.8) 

for all u,v e H^, where C{u,v) — C(||u||i3 + Hi^Hl-') and C > is independent of 
u and V. We can also write that 

\\V,ih)-Vu{h)\\m <Ciu,v)\\v-u\\L3\\h\\L<> (3.9) 

for all u,v,h E H^, where C{u, v) = C(l + ||m||^3 + 11^1113) and C > is independent 
of u and v. 



Lemma 3.2. The map O : — > M given by 

1 
2 



e(u) = i / {l-q^u))u'dvg (3.10) 

M 



is and, for any u G , 

DQ{u).{h)= ( {l^ q^{u)f uhdvg (3.11) 

J M 

for all heH^. 

Proof of Lemma\3M It follows from Lemma lO that 8 is By (1X2]) . 



and we also have that ^ (u, $(«)) = 0, where 

H{u,<i>)^l [ (|V$|^ + A$2)dwg + ^ / u^^'^dvg-q [ u^^dv 
2 Jm 2 J]xi J M 



Noting that 



v?dv„ , 



"a 

IM 



e{u)=H{u,<!>iu)) + l f 
we get that (|3.1ip holds true. This ends the proof of the lemma. □ 
At this point we define the functional Ip : — > M by 

Ipiu) = i / \yu\^dVg + \ j aU^dVg - - [ {u+fdVg 

^ JM ^ JM V JM 



-'41 i^-<i'^iu)){u+rdvg, 

^ JM 



(3.12) 



where u+ = max(M, 0), and p e (2, 6]. By Lemma [5TT] we get that /p is and if O 
is given by 



e(u) = / (1 - g$(u)) {u^ fdvg (3.13) 



M 



then, for any u G , 



D<d{u).{h)^2 {l-q^{u))u+hdvg-q iu+yVuih)dVg (3.14) 

JM JM 

for all h E , where Vu is as in p.3p . First we prove the existence part of Theorem 
10.11 when p G (2,6). For this aim we use the mountain pass lemma, as stated in 
Ambrosetti and Rabinowitz [T] , that we apply to the functional Ip defined in p.l2p . 
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Proof of the Existence Part in Theorem \0 . 1\ when p £ (2, 6). Suppose first that A = 
0. Since p < 6 and a > tliere exists u smooth and positive such that 

AgU + au = u^^^ . 

The existence of u easily follows from standard variational arguments. Then (m, i) 
solve (|0.2p . From now on we assume A > 0. It is easily checked that /p(0) — and 
that for uq arbitrarily given in , with ^ 0, there holds that Ip{tuQ) — >■ —oo as 
t — +O0. Moreover, since we assumed that u G {—uja,uJa), we get from (13. 4p and 
the Sobolev embedding theorem that 

Ipiu) > \ I \S/u\''dvg + \ f (a - u'dvg ~-( \u\Pdvg 

^ JM ^ JM P JM (3.15) 

> Ci\\u\\jj^ - C^Wuf^, , 

where Ci,C2 > 0. In particular, it follows from (|3.15p that there exist S > and 
C > such that Ip{u) > C for all u e which satisfy = S. Let Tq = T{uo) 

be such that Ip{ToUQ) < 0. Let Cp = Cp(wo) be given by 

c„ — inf max/„(M) , (3.16) 

Per ueP ' ' 

where V denotes the class of continuous paths joining to TqUq. By the mountain 
pass lemma, see Ambrosetti and Rabinowitz [1 , there exists {ua)a in such that 
Ipiua) — >■ Cp and DIpiua) — ^ as a — )■ +oo. Writing that Ip{ua) = Cp + o(l) and 
that DIp{Ua).{Ua) ~ o(\\ua\\H'^) wc gct that 

(|Vuap + au^) dvg 

M 

If Up' 

- / {uXfdvg + Cp + — e(uc«) + o(l) , and 

P JM ^ 

(|VuqP + au^) dvg 

M 

If Up 

= / {ulTdvg + —DQ{uo)W)'ro{\\u^U^), 

^ JM * 

where 9 is as in (fXTO)) . By ([53)1 and ([XTi| . for any ue H^, 

Ag {Vu{u) - 2$(w)) + (A + q2u2-) _ 2$(u)) = -2g2u2$(M) < . 

By the maximum principle and p.4p we then get that 

< K(w) < 2$(m) < ^ (3.18) 

for all u ^ . In particular, thanks to p.l4p and (|3.18p . we get that 

DQ{u).{u) <C [ (u+fdvg (3.19) 

JM 

for all u G H^, where C > is independent of u. Substracting the second equation 
in p.l7p to the first, thanks to (|3.18p . it follows that 

<Cp + o{1) + C'\\u+\\1,+o{\\uJh^) 



(3.17) 
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for all a, where C, C" > are independent of a. By p.l7|) and p.20p . since p > 2, 
the sequence (mq)q is bounded in H^. Since p < 6 we may then assume that there 
exists Up € such that, up to a subsequence, Ua Up in and — Up in 
LP n L'^ as a — > +oo. Since Cp > 0, it is clear from p.l7p that Up ^ 0. For any 
If € H^, DIp{ua).{f) = o(l). Letting a +oo in this equation, thanks to (|3.8I) . 
(|3^ . and (|3ll|) . it follows that for any (pe H^, 

{\7up\i'ip)dvg + / aup(pdvg 
M Jm 

{u+)P-^ipdvg + (1 _ M+VjdVg (3.21) 

M J A/ 

,2 



Noting that V^Up(Up) < 0, where = max(— 11,0), we get from (j3.2ip that 

((VupVUp ) + aUpUp) dvg > 



'M 

and it follows that u~ = 0. Hence Up > in AI. By Lemma [32] and (|3.2ip we can 
then write that for any ip G H^, 



(yUpVip)dvg + / aupifdvg 
M Jm 



(3.22) 



J-p ^(pdvg+u}^ / (l-(7$(-Up)) Upipdvg . 

M JM 

In particular, by p.22p . we get that {up,^{up)) solves (|0.2p . By the maximum 
principle and elliptic regularity we get that Up > 0, ^{up) > 0, and Up and <&(Mp) 
are smooth. This ends the proof of the existence part in Theorem 10.11 when p G 
(2,6). □ 

As already mentionned, it follows from p.l7p that the sequence {ua)a is bounded 
in H^. By ((^ and ((X^ we then get that 

De{Ua).iUa) -> DQ{Up).{Up) 

as q; — >■ +00 since Ua — > Up in D L^. Also there holds that Jj^.jau^dvg — )■ 
Jj^jQUpdvg and ^j^,[{u^Ydvg — ^ JM'^^p^'Vg as a — ^ +oo. By p.2ip . 

i /" (|Vupp + au2)rft,g = 1 /" uPdvg + '^De{up).{up) . 

Coming back to the second equation in p.l7p we get that 

/ \\/UafdVg -> / \\/UpfdVg 

Jm Jm 

as a — >■ +00 and it follows that Ua — > Up in as a — !■ +oo. By the first equation 
in p.l7p . since by p.Sp we can write that Q{ua) — > 6(up) as a — > +oo, we get that 

Ip{up) = Cp , (3.23) 

where Cp is as in p.l6p . 

At this point it remains to prove the existence part of Theorem 10.11 when p = 6. 
For this aim we use the existence of subcritical solutions we just obtained and 
the developments in Schoen [64] based on the positive mass theorem of Schoen 
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and Yau [68] (see also Schoen and Yau [Ml HO] and Witten [74]). Let G be the 
Green's function of the conformal Laplacian Ag + ^Sg. Let xq be given in M and 
G{x) = G(a;o,a;). In geodesic normal coordinates, 

G{x) = ^—r + A + a{x) , (3.24) 

where i02 is the volume of the unit 2-sphere, and a{x) = 0(|a;|). Noting that 
g — C^g is scalar fiat and asymptotically Euclidean, it is a consequence of the 
positive mass theorem that A > and A = if and only if (M, g) is conformally 
diffeomorphic to the unit sphere. Following Schoen [64], we let po > be a small 
radius and eo > to be chosen small relative to pq. Let also "0 be a piecewise 
smooth decreasing function of \x\ such that ipix) = 1 for \x\ < po, ipix) = for 
> 2po, and IVV-'I < Pg^ for po < \x\ < 2po- We define u^, £ > 0, by 

"^(^) = { e-+df{xo,x)- ) ^ '^9(^0, x)<po, 

u,{x) = £0 {G{x) - i){x)a{x)) for po < dg{xo,x) < 2po , f^^-^^) 
u^{x) = £oG(x) for dg{xQ,x) > 2pQ . 

and require that 

£0 1 — + ^ ) = w -9 , „2 



\u2pa J \l e'^ + pf, ' 
Then, see Schoen [64,, since A > if {M,g) is not conformally diffeomorphic to 
{S^,go), we get that 

JmU iJ S_9e2 — £ ^ 3_2g 

for £ ^ 1, when {M,g) is not conformally diffeomorphic to {S^,go), where K3 is 
the sharp constant in the Euclidean Sobolev inequality 

X 1/3 ^ 

\u\^dx <Kl I \Vu\^dx . (3.27) 



Also there holds that 



3 



""^^^ I (tTT^) dx + o{l). (3.28) 

Now we split the proof of the existence part of Theorem 10.11 when p — 6 in two cases. 
In the first case we assume that (M, g) is not conformally diffeomorphic to the unit 
3-sphere. In the second case we assume that (M, g) is conformally diffeomorphic to 
the unit 3-sphere. 

We use in what follows phase compensation for electrostatic Klein-Gordon- 
Maxwell systems. Phase compensation follows from the subcritical nature of the 
second equation in (10. 2p . It is a key tool in studying (10. 2p and it can be explained 
in naive terms in the following way: if {u,v) solves (j0.2l) . and u is small in , for 
p' sufficiently large but still in the subcritical range, then, by Sobolev embeddings, 
V needs to be small in L°°, and the potential like term a — ij^^qv — 1)^ in the non- 
linear Schrodinger equation in (j0.2p approaches a — w^. In particular, the nonlinear 
Schrodinger equation in (j0.2l) . and its variational formulations, approach the static 
isolated nonlinear model Schrodinger equation with unknown function u, potential 
a — up' ^ and nonlinear term vP^^ . 
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Proof of the Existence Part in Theorem \0 . 1\ when p — 6. Case 1. We assume that 
(M, g) is not conformally diffeomorphic to the unit 3-sphere. Suppose first that 
A = or that cj = 0. By (|0.6p and p.26p we then get that a < ^Sg and that 



(/a/ 



9) 



(1/3 ^ 



for £ ^ 1. In particular, see for instance Aubin [3l 1^, there exists u smooth and 
positive such that 



Agii + au = . 

Then (u, i) solves if A = 0, and {u,<^{u)) solves if A > 0. From now 

on we assume that A > and uj"^ > 0. Let {ea)a be a sequence of positive real 
numbers such that ^ as a — > +oo. Let Ua = u^^. By p. 281) . there exists 
T > 0, independent of a, such that I(,{Tua) < for all a ^ 1. By (13.281) . noting 
that Uq — >■ a.e. as a — >■ +oo, we get that Uq, — >■ in L'' for all g < 6 as a — > +oo. 
Let {tcy)Q be any sequence in [0,T]. We have that $(0) = and thus, by p.8p . 
there holds that ^{taUa) -> in iJ^ as a — > +oo. By p.2p and p.4p we then get 
that ^{taUa) — > in H^''^ for all g < 3 as a — > +oo. In particular, ^{taUa) ^ in 
L°° as a —7- +00, and we can write that 

max ||$(toa)||L~ (3.29) 

0<t<T 

as a — !• +00. Since fcA < 1, we get with p.29p that for any a ^ 1, and any 

te [0,T], 

. 2 j„ , \ \ / „ , 2 



{1 - q^{tua))uidvg > kX u^^dvg (3.30) 

M JM 

Let J-Q be the functional defined in by 

= \ I \'^u\'dVg + 1 / SgU'dVg - ^ ^ | | ^ d^;^ . (3.3l) 

By (in^ and (jX^ . 

max IgitUr,) < max J-gitUa) (3.32) 

0<t<T 0<t<T 

for all a 1. Fix uq = Uq for a 1, sufficiently large such that p.26p holds true, 
and let To — T. For e > sufficiently small, Ip{Touo) < and 

max Ip{tuo) < {1 + S^) max /g(iuo) (3.33) 

for all p e (6 — £,6), where (5e > is such that (J^ — > as e — > 0. As is easily 
checked, differentiating J^Q{tuo) with respect to t, we get that 



3/2 



max J-6(iuo) < U - i in ■ (3-34) 



We have that 



Cp < max Ip{tuo) , 



where Cp is as in (pHl) . By (jX^ . (153^ . (IS331), and ((XMl) . we then get that there 
exists (5o > such that for < e ^ 1 sufficiently small. 



1 



Sq<Cp< - 6o (3.35) 



14 



OLIVIER DRUET AND EMMANUEL HEBEY 



for all p G (6 — £,6). Let Up, p < 6, be the solution obtained in the subcritical 
part of the proof of existence. We have, see p.23p . that Ip{up) — Cp and also that 
I'p{up) — 0. In particular, 

i / {\Vup\^ + aul) dvg ^ Cp + - [ uPdvg + '^ [ (1 - g$(up)) Wpdvg , (3.36) 

^ JM P JM 



M 



and 



(|Vwp|^ + aul) dvg = / u^dvg +iJ i (1 - q'^{up)Y uldvg . (3.37) 

M JM JM 

Let {j)a)a be a sequence such that Pa < Q for all a and — > 6 as a — > +oo. 
Let Va = Up^. Substracting (P3Sl) 4 ([a!37l) . we get from (|374l) and (|335l) that the 
sequence consisting of the llfallLPa 's is bounded. Then, by p.36p . (wq)q is bounded 
in . In particular, there exists u ^ , u > 0, such that Va ^ u weakly in 
Va ^ u strongly in L^, and Va ^ u a.e. as a — > +oo. Since I'p^(va) = 0, it 
follows from p.8p - p.9p that there also holds that I'q{u) = 0. By the Trudinger 
|72) regularity argument developed for critical Schrodinger equations, by standard 
elliptic regularity, and by the maximum principle, either u=0, orM>OinM 
and u, $(u) are smooth. Thus it remains only to prove that u ^ 0. By the sharp 
Sobolev inequality, as established in Hebey and Vaugon [331 133] i there exists B > 
such that 

/ vPa-dvg)^" <{Ki + o{l)) [ {\Vva\^+avl)dvg+B [ vldvg (3.38) 
JM J Jm Jm 

for all a. By contradiction we assume u = 0. Substracting (l336)) -^ ((3:37l) we get 
that 

(|Vf„p + avl) dvg = ^^Cp„ + o(l) , (3.39) 

M Pa — ^ 

and we also have that 

(|Vi>„p + avl) dvg = / vP^-dvg + o(l) . (3.40) 

M JM 

Inserting (l3^ - (|O0| into (|338l) we obtain that 



, o(l) <Ki\ -^cp^ + o(l) (3.41) 

Pol ^ J \Pa ^ J 

for all a, and the contradiction follows from p.35p by letting a — ^ +oo in p. 411) . 
This ends the proof of the existence part of Theorem 10.11 when we assume (|0.6p 
with the property that the inequality in (j0.6p is strict at some point when (M, g) 
is conformally diffeomorphic to the unit 3-sphere. □ 



At this point it remains to prove the existence part in Theorem 10.11 when p = 6 
and (M, g) is conformally diffeomorphic to the 3-sphere. This is the subject of what 
follows. 



Proof of the Existence Part in Theorem \0.1\ when p = 6. Case 2. We assume that 
(M, g) is conformally diffeomorphic to the unit 3-sphere. Without loss of generality 
we can assume that M = S'^ and that g — (fi'^go for some smooth positive function 
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(f > 0. We let {f3a)a be any sequence of real numbers such that > 1 for all a 
and /3q — 1 as a — ?> +oo. We fix xq G and define the functions (^q : 5'^ — > M by 

'^o.ix) = = , (3.42) 

(p^y2 [Pa - cosr) 



where r — dgg{xo,x). We have that 

1 

8 

and that 



Ag(y3Q + -Sgipa = ifia (3.43) 



V'o^^^^s) ^ = Kl (^|V^„p + i^.^i) dvg (3.44) 

for all a. A possible reference in book form for p.43p and p.44p is Hebey [41]. It 
follows from ([3:42|) - ([3:44|) that 

J^^ \ViPa\''dvg = and J^^ ^Idvg = (3.45) 

for all a, while i^Sq, — > in L'' for all g < 6 as a — > +00. If A = or w = 0, then, by 
dnH), either a=\Sg or a < iS'g, the inequality being strict at least at one point. 
In the first case, by p.43p . for any a, ((/3q, i-) is a solution of ()0.2p if A = while 
[ipa, $(iy9a)) is a solution of (j0.2p if A > 0. In the second case, by p.44p . 

and it follows from Aubin [3j H] that there exists u smooth and positive such that 

AgU + au = . 

Then (u, i) solves (|021) if A = while (u, $(u)) solves ([021) if A > 0. We may thus 
assume that A > and lxP > 0. By p.45p there exists T > 0, independent of a, 
such that lQ{Tipa) < for all a ^ 1. Let {ta)a be any sequence in [0,T]. By (|3.8I) . 
since <i>(0) = 0, there holds that ^{ta^fia) -> in i/^ as a ^> +00. By (|3.2p and 
(|3.4p we then get that ^{ta(pa) in i?^''^ for all g < 3 as a — > +00. In particular, 
^(tay^a) — >■ in L°° as a — > +00, and we can write that 

max ||$(t(pa)||Loo (3.46) 

0<t<T " ^ 

as a — ?► +00. Since fcA < 1, it follows from p.46p that there exists eo > such that 
for any a ^ 1, and any t G [0, T], 

{l-q'^{t^a))uldvg>{k\+%)f uldvg. (3.47) 

Let "He be the functional defined on by 

^6(") ^\\^^ \^ufdvg + i Q^g - eo) "'d^^g - ^ l^^l'rf^'g . (3.48) 

Then, by dHU) and (IXTT)) . 

max leitusa) < max 'Heitipa) (3.49) 

0<t<T 0<t<T 



16 



OLIVIER DRUET AND EMMANUEL HEBEY 



for all a ^ 1. Fix uq — ipa for a ^ 1, and let To = T. Then, for e > sufficiently 
small, we can write that Ip(Touo) < and 

max Ip{tuo) < {1 + Se) max lQ{tuo) (3.50) 



3/2 



for all p e (6 — e, 6), where (5e ^ as e — > 0. We have that 

By ^^JS^ and since Eq > 0, it follows from ([XST]) that 

^m|x^H6(M<^. (3.52) 

As a consequence of p.l6p . p.49p . p. 501) and p.52p . we get that there exists 6o > 
such that for < e <C 1 sufficiently small. 

So < Cp < - 6o (3.53) 

for all p G {6 — £,6). Then we conclude as in case 1 of the proof. This ends the 
proof of the existence part in Theorem 10.11 □ 

4. Proof of the uniform bound in Theorem 10.11 when p e (2,6) 

We prove the uniform bounds in Theorem 10.11 when p € (2,6). Let {u}a)a be a 
sequence in (— a;a,Wa) such that Wq, — )■ as a — )■ +oo for some lo £ [— WajWa]. Also 
let p e (2,6) and ((mq,Wq))^ be a sequence of smooth positive solutions of (I0.2p 
with phases uja. Then, 

lAgUa+aUa=uP~'^+Ujl{qVa~lfua 

\ AgVa + (A + q'^ul) Va = qui 

for all a. Since Ua > 0, we get with the second equation in (j4.ip . see p.5p . that 
< < ^ for all a. Assume by contradiction that 

maxua — >■ +0O (4.2) 

M 

as a ^ +00. Let Xa € M and fia > he given by 

Ua{Xa) = maxUa = Ma^^^^"^'' • 
M 

By (|4.2p . — 7> as a — > +oo. Define by 

2 

Ua{x) = Ha^^Ua (cxp^^ (^qX)) 

and ga by (?a(a;) = (^xpj.^ g) (Hax) for a; e Bo{6ij.^^), where ^ > is small. Since 
fia — > 0, we get that ^ in Cf^^.{^^) as a — ^ +oo. Moreover, by (|4.ip . 

Ag^-UQ + tlaClaUa = + W^M^ {q^a - 1)^ "a , (4.3) 

where and are given by 

adx) — a (expj,^ (/iao;)) and Va{x) = Va (exp^,^ (/iax)) . 
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In addition, Ua{0) — 1 and < Uq < 1. By (|4.3|) and standard elliptic theory 
arguments, we can write that, after passing to a subsequence, — > m in Cf^^(Mj^) 
as a — > +00, where u is such that u{0) = 1 and < u < 1. Then 

in R^, where is the Euclidean Laplacian. It follows that u is actually smooth 
and positive, and, since 2 < p < 6, we get a contradiction with the Liouville result 
of Gidas and Spruck [40]. As a conclusion, (j4.2|) is not possible and there exists 
C > such that 

Ua+Va<C (4.4) 

in M for all a. Coming back to (|4.ip it follows that the sequences {ua)a and {va)a 
are actually bounded in H^^'^ for all q. Pushing one step further the regularity argu- 
ment they turn out to be bounded in H^''^ for all q, and by the Sobolev embedding 
theorem we get that they are also bounded in C^'^, < 6* < 1. This ends the proof 
of the uniform bounds in Theorem 10.11 when p G (2, 6). 



As a remark on the above proof it is necessary to assume that Ua ^ since if 
not the case, when A = 0, couples like (0, t) solve (|0.2p for all t > 0. Assuming 

> 0, Uq. ^ 0, we get that Uq, > in M and also that > in AI . An operator 
like Ag + h is said to be coercive if its energy is a possible norm for or, in an 
equivalent way, if there exists C > such that 



C 



/ u^dvg < / (|Vup + hu'^) dvg 

JM JM 



IM JM 

for &[\ u £ . A complementary lemma is as follows. 

Lemma 4.1. Let (wq)q, he a sequence in {~uJa,i-Ua) such that Wq, — >■ w as a — > +cxi 
for some u E [—uja,iOa], p G (2,6], and ((mq,Uq,))^ be a sequence of smooth positive 
solutions of (|4.ip . Assume that the operator Ag + (a — w^) is coercive. Let Ua ^ u 
and Va ^ V in C"^ as a ^ +oo. Then u > 0, v > 0, and u,v are smooth solutions 
of (lO) . 

Proof. Assume that Ag + (a — w^) is coercive. Then, for e > sufficiently small, 
Ag + (a — — e) is still coercive. Since > in M there holds that < < ^ for 
all a. In particular, by (|4.1|) and the Sobolev inequality, for any a S> 1 sufficiently 
large. 



/ {\Vuc,\'^ + {a - Lu^ - e) ul) dvg 

JM 



< / \Vua\ dvg+ / au^dvg-uj^ / {qv^ - 1) u^dvg 

JM JM JM 



uldvg 

M 



< c 



(^j^^{\Vu^\'' + {a-uj^ ~e) ul)dv 



p/2 

9 



for some C > independent of a. This implies u > and then w > 0. The lemma 
follows. □ 

As a remark. Lemma |4 . II does not hold anymore if we allow Ag + (a — w^) not 
to be coercive. Suppose A > 0, a > is a positive constant, and let (£„)« be a 
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sequence of positive real numbers such that ^ as a — >■ +00. Assuming a is 
constant we have that = a. Let Ua — Sa and 



1^1 



Then — > and ^ in as a — > +00, and we do have that (u^, v^) solves 
(|i?T|) , where 



UJ 



' = — - — H - 



Noting that cJq — > as a — > +00, the construction provides a counter example to 
Lemma |4 . 1 1 when cj^ — a. As an independent remark, Ag + (a — w^) is automatically 
coercive when uj € (— Wa, ^a)- Also we may allow w = if Ag + (a — minjvf a) is 
coercive, and this is automatically the case if a is nonconstant. 

5. Sharp blow-up estimates when p — 6 

In what follows we let (Af, g) be a smooth compact 3-dimensional Riemannian 
manifold, a > be a smooth positive function in M, and {uja)a be a sequence in 
(—uja,uja) such that — > w as a — +00 for some to G [— Waj^a], where uja is as in 
(jO.ip . Also we let ((uq,Wq))^ be a sequence of smooth positive solutions of (|0.2p 
with phases and p = 6. Namely, 



AgM„ + aua = ul + ujI {qva - 1) Uo 
AgVa + (A + q'^ul) Va = qui 



(5.1) 



for all a. Since Ua > 0, we get with the second equation in (|5.1|) . see p.5p . that 
< Vet < I for all a. In particular, if we let 

ha = a-ujl (qva - if , (5.2) 

then ||/iq;||l°° < C for all a, where C > is independent of a. Assume by contra- 
diction that 

maxUfv -foo (5.3) 

M 

as a — )■ -1-00. In what follows we let {xa)a be a sequence of points in M, and {pa)a 
be a sequence of positive real numbers, < pa < ig/7 for all a, where ig is the 
injectivity radius of {M,g). We assume that the Xa's and pa's satisfy 

S/Uaixa) — for all a, 

dg{xa,x)^Ua{x) < C for all x £ Bx^{lpa) and all a , (5.4) 
^linia^+oo pA sups^^fgp^) 1*0(0;) = -f-oo . 
We let be given by 

/ia = Uq(x„)"2 . (5.5) 

Since the haS in (|5.2p are L°°-bounded we can apply the asymptotic analysis in 
Druet and Hebey [S^ and Druet, Hebey and Vetois [37]. Closely related arguments 
were first developed by Schoen [65], and then by Druet [31] and Li and Zhu [53] 
assuming -convergences of the potentials. Assuming ()5.4p . and coming back to 
the analysis in Druet, Hebey and Vetois [37] i we can write that ^ — >■ -l-oo as 
a — ^ -l-oo and that 

plUa (exp^^ [PaX)) ^ ( 1 + ) (^-^^ 
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in Cl^^(lS.^) as a — > +00, where /ia is as in ()5.5p . In particular we have that /ia — >■ 
as a — )• +00. Now we define ipa '■ (0, pa) 1— >■ by 

where \dBx^ ^'''^Ig volume of the sphere of center Xa and radius r for the 

induced metric. Let A = 2y/3. We define Tq. S [Afia, pa] by 



ra ^ swp <^r e [Ap.a, Pa] s.t. (^s2(^a(s)j < in [ApLa,r]j . (5.8) 
It follows from (|5.6p that 

— ^ +C50 (5.9) 

Ma 

as a +00, while the definition of gives that 

r 2 (ySjj is non-increasing in [Afia,ra] (5.10) 

and that 

(r^ ipa{r)^ {ra) ^ a ra < Pa ■ (5.11) 

We prove that the following sharp asymptotic estimates on the Uq.'s in (15. ip hold 
true. 

Lemma 5.1. Let {AI,g) be a smooth compact Riemannian i- dimensional manifold, 
and ((uq,,Uq,))^ be a sequence of smooth positive solutions of (|5.ip such that ()5.3p 
holds true. Let {xa)a o,nd {pa)a be such that (j5.4p hold true, and let R > 6 be such 
that Rra < Qpa for all a ^ 1. There exists C > such that, after passing to a 
subsequence, 

Uaix) + dg{Xa,x) \\/Ua{x)\ < Cfladg{Xa, x)~^ (5-12) 

for all x e Bx^{^ra)\ {xa} and all a, where pa is as in (15. 5p . and where ra is as 
in (15^81). 



Proof of Lemma \5.1\ Given i? > we define 

?7_R,a = sup Ua ■ (5.13) 

Bx„(i?r-„)\S,„(iro) 

We prove that there exist C, C" > such that 

Ua{x) < C (^pidg{xa,x)~^ + riR,^^ (5-14) 
for all X £ Bx^{^ra)\{xa} and all a, and such that 

VR.a. < C'pir-^ (5.15) 

for all a. Let i?' > 6 be given. The Harnack inequality in Druet, Hebey and 
Vetois [37 can be stated in the following way: there exists C > 1 such that for any 
sequence {sa)a of positive real numbers satisfying that Sq > and R' Sa ^ Qpa for 
all a, there holds 

Sq II Vwall^oc/Q -) < C* sup Uq < inf Uq , (5.16) 

where Via = {R' Sa) \ B^^ (-^Sq). Lemma [5.11 follows from (|5.14p . (|5.15p . and 
(|5.16p in order to get the gradient part in (|5.12p . We start with the proof of (|5.14p . 
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For this aim we let {ya)a be an arbitrary sequence in Bx^{^ra)\{xa}, and prove 
that there exists C > such that, up to a subsequence, 

UaiUa) < C (^fi^dg{Xa,ya)~^ +riR.a^ ■ (5-17) 

As a prehminary remark one can note that (j5.17p directly follows from (|5.6I) if 
dg{xa,ya) = 0{^a). By (j5.16p we may then assume that 

lim — dg{xa,ya) — +00 and lim — c?g(a-Q, j/q) = . (5.18) 

Without loss of generality, since the ||/iq||l°o's are bounded, we can assume that, 
up to a subsequence, ||/iq||loo — > A as a — -\-oo for some A > 0, where the haS 
are as in (j5.2p . Now we let A: > 1 be such that kA ^ Sp(Ag), where Sp(Ag) is 
the spectrum of Ag, and let G be the Green's function of Ag — kK. Then, see, for 
instance, Robert [SI], there are positive constants Ci > 1 and C2, C3 > such that 

-^dg(x, yy^ - C2 < G{x, y) < Cidg{x, y)~^ , and 

L-i (5.19) 

\VG{x,y)\<C^dg{x,yr^ 

for all X ^ y. By ()5.19p there exists (5 > such that G > in Bx^(5ra) for all a. 
By (|5.18p . ya G Bx^{ira) for a 1, and by the Green's representation formula. 



Ua{ya) = / G{ya, x) {AgUa ~ kKUa) {x)dVg{x) 

G{ya, x) {d^Ua) {x)dag{x) (5.20) 
{duG{ya,x))ua{x)d(jg{x) , 

where v is the unit outward normal to dBx^{6ra). Since fc > 1, and ||^q||loo — > A 
as a — > +00, 

AgUct — kAua < 
and since G > in B^^ {Sva) we get with (j5.19p that 

G{ya, x) {AgUa ~ kAua) {x)dvg{x) 
<C dg{ya,x)~^Ua(xf dvg{x) . 

Also, by (I5TT6)) and ([5TT9)) . we have that 

G{ya,x) \d^Ua{x)\ dag{x) < C-qR,^ , and 



(5.21) 



L 



dB^^(5r^) 

\duG{ya,x)\ua{x)dag{x) < CriR,, 



(5.22) 



for some G > 0. Combining (|5.20p - (|5.22p . we get that 

Ua{ya)<C dg{ya,x)~^ul{x)dVg{x) + Cr]Ji^a ■ (5.23) 
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Following Druet, Hebey and Vetois [37], there holds that 

uc,{x) < C (My'"dg(xa,x)-3/^ + ry«,„ri/^rfg(xa,x)-2/5) (5.24) 

for all X S Bx^{Rra)\{xa} and all a, where C > does not depend on x and a. 
In particular, we get with (|5?6l) . (|5J8l) . and (|5?24|) . that 

/ (ig(?;a, a:;)~^Ma(2:)dwg(a;) = O (^Qdg(xa, j/q)'^) + O (77^,0) . (5.25) 

By ([g^ and (j??^ . we obtain ((CTf| . In particular, (ISTTil) holds true. Now it 
remains to prove (|5.15p . By (IS.lOp . for any 77 € (0, 1), 

1 1 

for all a ^ 1, where (pa is as in (15. 7p . By (|5.16p . there exists C > 1 such that 

— sup Ua < 'Pq(sq) < C inf Wq, (5.26) 

for all < Sq, < r-Q and all a. By (|5.26p we then get that 

j^rg-qn^a < ivra)^ sup Uq . 
Assuming ()5.14p it follows that 

and if we choose 77 € (0, 1) sufficiently small such that Ci]^ < i, we obtain that 

In particular, (I5.15P holds true. This ends the proof of the lemma. □ 

Now that we have Lemma 15.11 we prove that the following fundamental asymp- 
totic estimate holds true. 

Lemma 5.2. Let {M,g) be a smooth compact Riemannian 3-dimensional manifold 
and ((uq,,Uq,))^ be a sequence of smooth positive solutions of (j5.1l) such that (j5.3p 
holds true. Let {xa)a and {pa)a be such that (|5.4p holds true. Assume — > as 
a — > +00, where ra is as in (jS.Sp . Then Pa — O (r^) and 

TaPa'^Ua (cxp^, (r^a;)) — +T-L{x) (5-27) 
' \x\ 

in Cj^oc (^o(2)\{0}) as a ^ +00, where pa is as in (15. 5p . and H is a harmonic 
function in Bq{2) which satisfies that 'H(O) — 0. 

Proof of Lemma [57B . Let i? > 6 be such that Rra < 6pa for a ^ 1. In what follows 
we assume that ra as a —>• +00. For x G -Bo (3) we set 

Ua{x) = rafla^Ua{exp^^{raX)) , 

5^(2;) = (exp*^ 5) (r^x) , and 
ha{x) = ha {eyip^^{rax)) , 
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where ha is as in ()5.2p . Since Tq. — )> as a — > +00, we have that ^ f in Cf^^y 
as a +00, where ^ is the Euchdean metric. Thanks to Lemma l5. II we also have 
that 

\uaix)\ < C Ixl"^ (5.28) 
in i?o(-f )\{0}. By (15. ip . (15. 9p . and thanks to standard ehiptic theory we can write 
that, after passing to a subsequence, — u in Cf^^ (^o(-f )\{0}) as a — > +00, 
where u satisfies Au ^ in Bq{§)\{0}. By (jOSl) . |u(x)| < C jxp^ in So(f )\{0}. 
Thus we can write that 

u(x) = ^+H{x) (5.29) 

where A > and Ti. satisfies AH = in _Bo(-f )■ In order to see that A = ^/3, it is 
sufficient to integrate the equation satisfied by the Mq's in Bq{1). Then 

- / duUadag^ = 1^1 / u\dvg^ ~ "^l h^Uadvg^ , (5.30) 

JdBoil) K^'a / JBq(1) J Ba(l) 

where v is the unit outward normal derivative to 9i3o(l). By (|5.28p . the Uq's are 
bounded in {B^{\)). Changing x into thanks to (15. 6p and Lemma [5.11 we 
also have that 

lim I uldvg^= f I dx = V3uj2. (5.31) 

a^+oo\raJ J Boil) ^3^1 + ^/ 

Noting that by dO^)) . 



lim / di^UadcTg^ = — W2A , (5.32) 



/aso(i) 

we get that A — \/3 by combining (l5.30P " (|5.32p . Now we prove that 'H(O) — 0. In 
what follows we let Xa be the 1-form given by 

Xaix) =(^l- ^Rclix) {WUx),WU{x))^ Vfaix) , (5.33) 

where fa{x) = ^dglxcx)"^ and, in local coordinates, {Rc^gY^ — g^^g^" Rfj,^, where 
the Rij's are the components of the Ricci curvature Rcg of g. We adopt the nota- 
tions that is the musical isomorphism applied to A, and that X(Vm) = {X, Vu) 
for X a 1-form and u a function. By the Pohozaev identity in Druet and Hebey 
[55] . that we apply to the Ua's in B^^ira) with the above choice of Xq,, we have 
that 



/ Xa{'VUa)haUadVg + ^ [ (AgdlVgXa) U^dVg 

+ \ I [dlYgXa) haul^dVg = + Q2.a + Qs.a , 



(5.34) 



where 



1 

6 



(divgX„) {d^Ua)uadag 

dB^^ir^) 



I [\Xa{v)\WUa\^ - Xa{VUa)dyUa] da g 

JdB^„(r^) \^ J 
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(52, Q = - [ ( VXq - i {divgXa) g] (Vu^, Vua) dvg , 

and V is the unit outward normal derivative to dBx^{ra)- We have that 

(VX„)^^. ~ i (diVgX^) g,, = O (5.35) 
for ah By Lemma [5. II and (15.35^ we then get that 

\Q2,a\<C I dg{Xa,xf\'SjUa{x)\'^dVg{x) 
<Cfia I dg{Xa,x)~'^dVg{x) 



Similarly, 



(5.36) 



\Xa{x)\ ^ O {dg{Xa,x)) , 

divgXa{x) =3 + {dg{xa,x)'^) , and (5 37) 

3 

Ag (diVgXa) (x) ^ -Sg{Xa) + O {dg{Xa,x)) . 



By (|5.37p and Lemma [5.11 we then get that 

/ Xa{'VUa)haUadVg + / (AgdiVgX, 

JB^^(r„) ^■^JB^^ir^) 



a J U^dVg 



1 



(5.38) 



{dWgXa) haU^dVg = O i^iara) , 

B.^irc.) 



and since there also holds that |V (divg^^) (a;)| = O {dg{xa,x)), we can write in 
addition that 

IQsJ - O {filr-') + O iix^r^) . (5.39) 
Combining (jOII . dOS]) . (jOS)) . and ({0^1) we get that 

i / [dl-VgXa) {d„Ua)Uadag 

O JdB^^irc) 

-[ (lx^iiy)\S/u^\^ ~ X^{yuc,)d,Uo) dag (^-^^^ 

JdB^^irc) / 

= 0(Aiir--3) +0(^„r„) . 

Since Ua — ?> u in Cf^^ (^o(-f )\{0}) as a —J' +00, where u satisfies Aii = and 
\u{x)\ < C \x\~^ in So(f )\{0}, and by ([05)) . we independently get that 

^ (diVgXa) {d^Ua)Uad(Tg 



6 



/ f ix„(z/)|VM„p-X„(Vua)a,Ma ) dag (5.41) 

JdB^„(r^) \^ J 



'dB^^ira.) 

= Q..2AH(0) + o(l))^ 
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Combining ([QO]) and ([OT]) . we get with that n{0) = 0. At this point it 

remains to prove that pa ~ O {ra). We proceed by contradiction and assume that 
faPa^ -> as a ^> +0O. Then (|5.29p holds in Bq{R)\{Q} for ah i?, and < pa for 
a > 1. In particular, we get with ([5TT|) and (lO^ that {r^/'^ip{r)y {!) = , where 

f{r) — ^ / uda 

^^2r^ JdBo(r) 

Since 'H(O) = 0, it follows that A = 0, and this is impossible since A = Lemma 
15.21 is proved. □ 



6. Proof of the uniform bound in Theorem 10. II when p = Q 

We prove that the uniform bound in the theorem holds true when p = Q. For 
this aim we use the analysis developed in Section [S] to prove that blow-up points 
are isolated. Then we use phase compensation, and the positive mass theorem of 
Schoen, and Yau [68] (see also Schoen and Yau [69l [70] Witten [74]) to prove that 
there are no blow-up points when we assume (j0.6p with the property that (|0.6p 
is strict at least at one point if {M,g) is conformally diffeomorphic to the unit 
3-sphere and ujX = 0. 

Here again we let (M, g) be a smooth compact 3-dimensional Riemannian man- 
ifold, a > be a smooth positive function in M, and (wq.)^ be a sequence in 
(—uja,uJa) such that — ^ w as a — -l-oo for some uj G [—uJa,(jJa]^ where Wq is 
as in (|0.ip . Also we let ((uq,Wq))^ be a sequence of smooth positive solutions of 
(|0.2p with phases Wq and p = 6. In particular, the Uq's and Dq's satisfy (|5.1|) . 
We assume that (|5.3p holds true. Following Druet and Hebey [34], see also Druet, 
Hebey and Vetois [37], there exists C > such that for any a the following holds 
true. Namely that there exist Na E N* and Na critical points of Ua, denoted by 
(xi^Q., X2,a, ■ ■ ■ jXN^^a), such that 

for aU i,j €{!,.. . ,iVa}, i ^ j, and 

^ rfg (a;i,Q, 2;)^ ^0(2;) < C' (6.2) 

for all X E M and all a. We define by 

da^ min dg {xi^a, Xj,a) . (6.3) 

If A'^Q = 1, we set da — \ig, where ig is the injectivity radius of {M,g). The first 
important lemma we prove in this section is that blow-up points are necessarily 
isolated in the sense that as a — > +00. 

Lemma 6.1. Let {M,g) be a smooth compact Riemannian 3-dimensional manifold 
and (^{ua,Va)) ^ be a sequence of smooth positive solutions of (jS.ip such that (|5.3p 
holds true. Then da as a ^ +00, where da is as in (|6.3p . 
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Proof of Lemma \6.1[ We proceed by contradiction and assume that rfa — > as 
a — > +00. Then Na > 2 for a 3> 1, and we can assume that the Xi^a^s are such that 
dg{xi^a,Xi^a) < dg{xi,a,Xi+i^a) for alH = 2, . . . ,Na. Let 5 £ (0, ^ig) be given. For 
X G Bo{Sd~^), we let 

Ua{x) = d]/^Ua (ex.p^^ ^{dax)j . (6.4) 

We let also ha{x) — ha (^exp^.^^ ^(dax)^, and ga{x) — ^exp*^ ^ (dax), where ha 
is as in ([53). Then, by (jSH . 

Ag^Ua + dljlaUa = Wa : (6-5) 



and we clearly have that (ja ~^ S, in C;q^(R'') as a — >■ +00. Given i? > we let 
1 < Nfi^a < -^a be such that dg{xi^a,Xi^a) < ^f^da for all 1 < « < Nji^a, and 
rfs(a;i,a7 sJi^a) > Rda for all A^_R,a + 1 < i < Na- We have that N^^a > 2 for all 
R> 1, and (iV_R,a)Q is uniformly bounded for all i? > 0. Mimicking the arguments 
in Druet and Hebey 01], see also Druet, Hebey and Vetois j37j, given i? > 0, there 
holds that 



either Ua{xi.a) — 0(1) for all 1 < i < A^^j.q , 

or iiaixi^a) +00 as a — > +00 for all 1 < j < Nn^a 



(6.6) 



where the Uq's are as in (|6.4p . and 

1 



2, a 



Now we split the proof into the study of two cases. In the first case we assume 
that there exist R > and 1 < i < Nji a such that Uaixi^a) = 0{1). Then, by 
dSSl), Ua{xi^a) = 0(1) for all 1 < i < NR^a and all R > 0. Noting that the two 
first equations in (|5.4p are satisfied by Xa = xi^a and pa = \da, it follows from 
(|5.6p that the sequence {ua)a is uniformly bounded in the balls ^5.^(1/2). Thus, 
by (|6.5p and elliptic theory, the sequence {ua)a is bounded in Cj^^iM?). Up to 
a subsequence, stiU thanks to (|6.5p . we get that the m^'s converge in Cj^^iM?) as 
a — > +00 to some u which satisfies Am = in . Moreover, u has two critical 
points which are and the limit i2 G S'^ as a — >■ +00 of the i2,a's in (|6.7p . By 
the classification result of Caffarelli, Gidas, and Spruck [26], this is impossible. In 
particular, we are left with the second case of our study, where we assume that 
there exist i? > and 1 < i < 7V_R,a such that Ua{xi^a) — >■ +00 as a — >■ +00. Then, 
by (|6.6p . Ua{xi,a) +00 as a —7- +00 for all 1 < i < A^^.q and all R > 0. The 
assumptions (|5.4p are satisfied by Xa = xi^a and pa — gda- Let Va = Ua {0)iia. By 

(USD, 

^~gc.Va + dlhaVa = , ^ . 4 ■ (6.8) 

Noting that Mq(0) — > +00 as a — )• +00, mimicking again arguments from Druet 
and Hebey |31], and Druet, Hebey and Vetois ^7\, we get with (j6.8p that, up to a 
subsequence, 'UQ(0){ia — J> G in Cl^^(R^\{xi}i^i) as a — >■ +00, where the the 
limits of the Xi^a's in (|6.7p . and / = {1, . . . , lim/j_^+oo hma-f+oo ^a.q}- Moreover, 
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for any i? > 0, 




^ (6.9) 

in Bo(R), where > for all i, Hn is harmonic in Bo{R), 2 < < N2R is such 
that |a;^^| < R and |ijvj,_i-il -^2fl,a — > -^2_r as a — >■ +00. By Lemma 

and (|6.9p . we get that Ai = \/3 and that 

A. 

Eft + ^«(0) = 0. (6.10) 

i=2 1^*1 

Independently, by the maximum principle, since G > and |i2| = 1, there holds 
that 

Choosing i? ^ 1 sufficiently large, we get a contradiction by combining (|6.10p and 
(j6.1ip . In particular, c?q, 7^ as a +00, and this proves Lemma |6. II □ 

Now that we know that blow-up points are isolated, we use elliptic theory and 
phase compensation to get strong convergence of the potential term in the nonlinear 
equation in (j5.ip . Namely we prove that the following lemma holds true. 

Lemma 6.2. Let {M,g) be a smooth compact Riemannian i- dimensional manifold 
and ((uq,,Uq,))^ he a sequence of smooth positive solutions of (jS.ip such that (|5.3p 
holds true. Then {ua)a is bounded in and, up to a subsequence, Ua ^ in 
and Va ^ V in C°'* as a ^ +00, where v is a constant and < 6 < 1. Moreover, 
if X > 0, then u = and ^ a — uP in C^'^ as a ^ +00, where < 9 < 1, uj is 
the limit of the uja 's, and ha is as in (j5.2p . 

Proof of Lemma \6.Sl By Lemma 16.11 the sequence {Na)a is uniformly bounded. 
Up to a subsequence we may assume that Na = N for all a. Without loss of 
generality we may also assume that for any S > 0, 

sup Ua — > +00 

as a — > +00 for all i = 1, . . . , A^. It follows that there exists 6q > 0, sufficiently 
small, such that (I5.4p holds true with Xa — Xi^a and pa = for all i = 1, . . . , A'^. 
We fix i = 1, . . . , A^ arbitrary. By Lemma [521 J'q 7^ as a — ^ +00. Then it follows 
from Lemma 15.11 that there exist r > and C > such that 



Ua{x) <Cpldg{Xa,x) ^ (6-12) 

for all X e Bx^{r)\{xa} and all a, where /Iq is as in (|5.5p . In particular, together 
with (|5.6p . this implies that 

< c 
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for all a, and since the ha^s in ()5.2|) are bounded in L°°, we get with (|5.1[) that the 
Wq's are actually bounded in H^. As a first consequence, since 

AgVa + {X + q'^u'i) Va ^ qu^ , (6.13) 

and < Uq. < |, we get that that the Va's are such that the {AgVa +Wct)'s are 
bounded in L^. By elliptic theory it follows the Va's are bounded in H^'^, and we 
can write that, up to a subsequence, 

Va^v (6.14) 

in C°'^ as a — >■ +oo for some i;, where < 9 < 1. Up to a subsequence, since the 
Wq's are bounded in H^, we can assume that Ua ^ u in as a — ^ +oo for some 
u E H^. Let Xi be the limit of the x^^q's as a — > +oo, i = 1, . . . , A^. By (|5.4p . the 
Mq's are bounded in Lf^^{M\S), where S" = {xi, . . . ,X7v}- By elliptic estimates it 
follows that Ua — >■ M in Clg^{M\S) as a —J' +oo. Coming back to (|6.12p we then 
get that, necessarily, m = in (Jj^^ Bxi{r). By (|6.14p . we can assume that ha ^ h 
in C°'^ as a +oo for some h, and u solves AgU + hu = u^. In particular, the 
maximum principle applies and we actually have that m = in M. By Rellich- 
Kondrakov we can assume that — >■ in as a ^ +oo for p < 6. Then, by 
(|6.13l) . AgV + Aw = in M. In particular, w is a constant, and if A > 0, then v = 0. 



This proves Lemma 16^ □ 

In what follows we let 5 > be given, sufficiently small, and let rj G C°°{M x Af ), 
< ?7 < 1, be such that ri{x, y) = 1 if dg{x, y) < S and rj{x, y) = if dg{x, y) > 26. 
For X y we define 

ut \ 'n{x,y) 

H{x,y)^—— -, (6.15) 

UJ2dg(x, y) 

where W2 is the volume of the unit 2-sphere. The following lemma, which will be 
used in the proof of the uniform bound in Theorem 10. II when p — 6, establishes basic 
estimates for the Green's functions of Schrodinger's operators as well as a positive 
mass property for such operators that we deduce from the maximum principle and 
the positive mass theorem of Schoen and Yau [5^ . 

Lemma 6.3. Let {M,g) be a smooth compact Riemannian i- dimensional manifold 
and K G C°°{M) he such that Ag + A is coercive. The Green's function G o/Ag + A 
can he written as 

G{x,y) ^ H{x,y) + R{x,y) (6.16) 

for all {x, y) (z M X M\D , where D is the diagonal in AI x M , and R is continuous 
in M x M . Moreover, for any x e M , there exists C > such that 

dg{x,y)\VR^{y)\<C (6.17) 

for all y € A/\{a;}, where Rx{y) — R{x,y), and there also holds that 

5a max |Vi?,(2/)|=o(l) (6.18) 

for all sequences {5a)a of positive real numhers converging to zero. At last, if we 
assume that A < ^Sg, the inequality heing strict at least at one point if {M,g) is 
conformally diffeomorphic to the unit 3-sphere, then R{x,x) > for all x G M. 
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Proof of Lemma \6.3l The decomposition ()6.16p is well known. It is also known 
that there exists C > such that dg{x,y)\AgRx{y)\ < C for all y E AI\{x}. 
Possible references for such properties are Aubin [3], or Druet, Hebey and Robert 
[36] , We refer also to Robert [glj. Now we establish (|6T7)) and (p?T8)) . We let 
iya)a be an arbitrary sequence in M\{x} such that j^q — > a; as a — > +oo. Let 
Set = dg(x,ya) and Ra{y) = Rx {^'y^Vxi^aV)) for y G M^. Let also ga be the metric 
given by ga{y) = (exp* g){5ay), and jja € be such that ya = exp^^Safja)- There 
holds that \AgRa{y)\ < C(5q|?/|~^, that {Ra)a is bounded in L°° , and that ga ^ S, 
in C;q|,(M'^) as a — >■ +oo, where ^ is the Euclidean metric. There also holds that 
\ya\ — 1 for all a. Let y be such that y as a —> +oo. Since |y| = 1 it 

follows from standard elliptic theory that {Ra)a is bounded in the C^-topology 
in the Euclidean ball of center y and radius 1/4. Since {ya)a is arbitrary, this 
proves ()6.17|) . Noting that Ag^i?^ -> uniformly in compact subsets of M'^\{0} as 
a +00, we get that Ra i? in C/q^(M'^) as a -> +oo, where R is harmonic and 
bounded in ]R'^\{0}. By Liouville's theorem, R is constant. This implies (|6.18l) . 
Now it remains to prove the positive mass property that R{x, x) > for all x if we 
assume that A < ^Sg, the inequality being strict at least at one point if {M,g) is 
conformally diffeomorphic to the unit 3-sphere. Let G be the Green's function of 
the conformal Laplacian + ^Sg. Let x G M and h> Ohe smooth and such that 

h < -A^Gx. 

If A = ^Sg, then h = 0, but if not the case we can take h ^ 0. Let h, smooth, be 
such that Agh + Ah — h. Then h > and h ^ ii h ^ 0. In particular, by the 
maximum principle, /i > in Af if /i ^ 0. Let H = Gx — Gx — h- Noting that 

AgH + AH>0 

in M, and that by the local expansions of Gx and Gx, % is continuous in M, 
we get from the maximum principle that "H > in M. In particular, by p.24|) . 
R{x, x) > A + h{x), and we get that R{x, a;) > by the positive mass theorem of 
Schoen and Yau [55] . This ends the proof of the lemma. □ 

Thanks to Lemma 16.21 and Lemma 16.31 we can now prove the uniform bound in 
Theorem 10 . 1 1 when p — 6. In the process we use the asymptotic control we obtained 
in Lemma |5. II 

Proof of the uniform bound in Theorem \0.1\ when p = In what follows we con- 
sider a smooth compact 3-dimensional Riemannian manifold (M, g) , and let a > 
be a smooth positive function in M, uj e {—uja,^a), and (wq)^ be a sequence such 
that oJq — >■ w as a — >■ +00 for some w G [— Wa, —1^] UI"^! ^a], where Wa is as in (jO.ip . 
We assume either that |£D| < uja, or that Ag + {a — ujD is a coercive operator. In 
case a is constant and uj ~ iOa, we apply the arguments in Section [71 noting that 
Va = 1/g for all a in case A = 0. We let {{ua,Va)) be a sequence of smooth 
positive solutions of (|0.2I) with phases uja and p = 6. In particular, the Ua's and 
Va 's satisfy (|5.ip . We assume by contradiction that (15. 3p holds true and we assume 
()0.6|) . with the property that (|0.6|) is strict at least at one point if {M,g) is confor- 
mally diffeomorphic to the unit 3-sphere and a; A = 0. By Lemma l6. 11 the sequence 
iNa)a is uniformly bounded. Up to a subsequence we may assume that Na — N 
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for all a. We let Xi be the limit of the Xi^aS as a — >■ +00, and let the ^i^a be as in 
()5.5p given by 

for all i = 1,...,A^ and all a. Without loss of generality we can assume that 
Mi, a — > as a — >■ +00 for all i. We reorganize the i's such that, up to a subsequence, 

Hi^a = max/ij_Q 

i 

and we define /ii > by 

lim (6.19) 

By Lemma 15.11 and the Harnack inequality for any 5 > there exists C > such 
that 

< C^i^l (6.20) 
in M\ S^,.„('5) for all a. There holds that 

+ KifJ-i^J^Uc,) = (M^.q^ ^"a)^ (6.21) 

for all a, where ha is as in ()5.2p . By Lemma|621 the /iq,'s converge in C"^^, 6* e (0, 1). 
Let h be the limit of the h^s. Still by Lemma [521 ^ = a — if A > 0. In general, 
h = a — u}'^{qv — 1)^ so that h > a — uj^ > a — oj^. By our assumptions that either 
\oj\ < u!a, or Ag + (a — cj^) is coercive, we get that Ag + /i is coercive. Combining 
(|6.20p and (|6.2ip . we get thanks to standard elliptic theory that 

^^l'J^ua ^ n (6.22) 

in Cl^^{M\S) as a ^ +oo, where S = {xi,... ,xn}- By (HJ]), Lemma (|On)) 
and the convergence of the h^'s to h, we can write that 

N 

AgH + hn = V5uj2 A^'^^x^ ■ (6.23) 
Since Ag + /i is coercive, we get from (|6.23p that 

N 

n{x) = V2,uj2Y,lh'^ (H{x„x) + R(x,,x)) (6.24) 

i=l 

where H and R are as in Lemma 16.31 with A — h. Let i = 1, . . . , iV be arbitrary 
and Xa be the 1-form given by Xa — ^fa, where fa{x) ~ ^dg{xi^a, x)'^ ■ We apply 
the Pohozaev identity in Druet and Hebey |35| to Ua in B^^ ^(r), r > small. By 
Lemma 15.11 multiplying the Pohozaev identity by iJ-i]^, letting a — > +oo tend to 
infinity, we get that 



I [ (div gX)nd,ndag 

6 JdB^^(T) 

-f (lx{,y)\^n\^-{X,yn)d,'H)dag (6.25) 



'a-Bx,(r) 

1 

12 



{dM^YgX))n''dag + o{i) , 



where X = V/, / = ^dg{xi, •)^, i/ is the unit outward normal derivative to dB^.ir), 
and o(l) — > as r — !• 0. We have that drvgX = 3 + {dg{xi,xY) and that 
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|VdivgX| ~ O {dg{xi,x)). By Lemma [5J] there also holds that IH] < Cdg{xi, •) ^ 
in M\{xi}. Thanks to (|6.17p we then get that 

hm / {d^ {divgX)) H^dag = (6.26) 

"^^0 JdB^. (r) 

and that 

If {dWgX)nd^ndag = l- [ nd^HdcTg + o{l) (6.27) 

as r — > 0. Choosmg 5 > in the definition of 77 in (|6.15p such that dg{xj,Xk) > 45 
for all j, fc = 1, . . . , such that Xj Xk, we get that Tl{xj, Xi) > for all j 7^ i. 
By ((6T8l) and (I04)) . we compute 

Hd^Hdag- ( \]-X{v)\VH\'^ ^ {X,VH)d,,H] dcjg 

2 JdB^.{r) JdB^.(r) \2 / 

3^ ^ ' (6-28) 

i=i 

Combining ((05l) - ((08)) . letting r ^- 0, it follows that 

^l\'^^JL]'^n{xJ,x^)^Q (6.29) 

for all Letting i,j = 1, we have that /ii = 1, and it follows from (|6.29p that 
'R.{xi,Xi) = 0. By assumption, h < ^Sg if wA 0, and in case ujX — 0, we get 
that h < a < ^Sg with the property that either the manifold is not conformally 
diffeomorphic to the unit 3-sphere, or that the inequality is trict at one point. By 
Lemma 16.31 it follows that TZ{xi,xi) > and we get a contradiction. This proves 
that there exists C > such that ||uq||l=° < C for all a and all uja G K{lu). Since 
we also have that < Uq < | for all a, it follows from elliptic theory and (|5.ip that 
the Uq's and Va's are bounded in H^ p for all p > 1. The C^'^-bound easily follows. 
This ends the proof of Theorem 10.11 □ 



7. Proof of Theorem 12.11 

We use here part of the analysis developed in Sections [5] and El together with a 
nice concluding argument from Brezis and Li [25 . As in the proof of Theorem lO.il 
we proceed by contradiction. We let ((uqjWq))^ be a sequence of smooth positive 
solutions of 

iAgUa+aaUa^ul+Ujl{qVa-lfua 

I AgVa + (A + q'^ul) Va = qui 

such that maxM Ua — +oo as a — > +oo, where the a^s are smooth positive 
functions and the Wq's are phases in (— oja^jWa^) such that 

(i) either — — >■ in L°°{M) as a +oo and A > , or 

(ii) ac — in L°°{AI) and Wq — as a — > +oo, and A > . 

The estimates in Section [5] as well as Lemma [Q] which establishes that dct y^- as 
a — ^ +0O, still hold true in the present situation. Let ha be given by 

/iq = Oq - ujI {qva - if ■ 

Without loss of generality, up to passing to a subsequence, we may assume that 
— >■ a in C°'* and that Wq. — ?► as a — +oo. Then, by the arguments developed 
in Lemma [121 we get that Va ^ v in C*^'^ as a +oo, and we then get with 
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(i) and (ii) that /iq — !> in C"'^ as a — > +00. As in the proof of Theorem 10.11 

1/2 _______ 

in Section [51 the convergence fj,^ J Ua ^ H in (|6.22p holds true. However, in the 
present situation, h = and we get that AgH = in M\S, while 

N 

AgH = V3uj2 ^ ^J'y^Sxi 

i=l 

in the sense of distributions, where we adopt the notations of Section |6l In other 
words, "H is a nonnegative harmonic function with poles, and this is impossible. 
Indeed, from now on, without loss of generality, we may assume that fii > for all 
i (we know that at least /xi > 0). Then T-l > and H is not constant. Let G be a 
Green's function of Ag, and Gi = G(xi, ■). By regularity theory, 

N 

n = V3uj2 J2 N^^G^ + J- , 
1=1 

where J- is smooth. In particular, by standard expansion of the Green's function 
at its pole, see, for instance, Aubin [3], there exists x G M\S where H attains its 
minimum. By the maximum principle we would get that H is actually constant in 
M\S, a contradiction. 
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